We consider an AdS 2 black hole in equilibrium with a bath, which we take to have a dual description as (0+1)-dimensional quantum mechanical system coupled to a (1+1)-dimensional field theory serving as the bath. We compute the entropies of both the quantum mechanical degrees of freedom and of the bath separately, while allowing contributions from entanglement wedge "islands". We find situations where the island extends outside the black hole horizon. This suggests possible causality paradoxes which we show are avoided because of the quantum focusing conjecture. Finally, we formulate a version of the information paradox for a black hole in contact with a bath in the Hartle-Hawking state, and demonstrate the role of islands in resolving this paradox.
Introduction
The emergence of a Page curve for evaporating black holes is associated to contributions to the von Neumann entropy of Hawking radiation coming from an island behind the horizon [1, 2, 3] . The prescription is to compute the entropy of the union of the Hawking radiation and the island, plus a contribution from the boundary area of the island: 
Here, by "Rad" we mean the radiation in the full quantum description. In contrast, by "Rad" we mean the description of radiation in the semiclassical description. We extremize the generalized entropy over all possible islands I, and the minimum value gives the entropy of Hawking radiation. The reason that (1) leads to a decreasing fine-grained entropy for the Hawking radiation is that the system Rad ∪ I contains both the outgoing Hawking radiation and its interior purifying partner. These islands could in principle exist anywhere in the spacetime, with potentially interesting consequences if they exist inside the causal wedge. In previously considered examples [1, 2, 3] , the islands were always behind a black hole horizon. In this work, we will discuss examples where the islands exist outside black hole horizons. These new examples involve black holes that are eternally coupled to, and in equilibrium with, a bath at zero or non-zero temperatures.
Following [2] , we will consider nearly-AdS 2 black holes in Jackiw-Teitelboim gravity with conformal matter, which are eternally joined along the AdS boundary to an external flat-space CFT. This can be thought of as a toy model for asymptotically-flat near-extremal Reissner-Nordström black holes, where we neglect the effects of gravity in the asymptotically-flat region. The goal is to analyze the role of islands in the computation of the entropy of various regions. An interesting result we find is that the near-horizon region outside the black hole is contained in an island corresponding to a region far away in the bath. This suggests that the physics of the near-horizon region is encoded in the state of the bath far away from the black hole.
This observation leads to the counterintuitive result that the entanglement wedge associated to the dual quantum system at the AdS 2 boundary is contained within its causal wedge. This gives rise to an apparent paradox: If we were to decouple the black hole from the bath, could the boundary system get a signal from the island? The naive spacetime diagram suggests that we do. However, we expect that the decoupling process will produce some nonzero energy which should move the horizon outwards so that the island lies behind the final horizon. We argue that the quantum focusing conjecture (QFC) [4] is sufficient to avoid a paradox.
We then consider a black hole in equilibrium with a bath at finite temperature. The system can be purified by introducing the thermofield double, which is described by the Hartle-Hawking state in the two-sided geometry [5] . In this system, it is now possible to formulate a version of the Hawking information paradox [6] , or its AMPS version [7] , by looking at the behavior of the entropy of the pair of boundary quantum mechanical systems or the pair of outside regions. A very closely related paradox was discussed in [8] . The system is invariant under boosts, which involve forwards time translations on one side and backwards on the other. However, it has interesting time dependence if we consider forwards time evolution on both sides. We will analyze the evolution of the entanglement entropy of the union of the two boundary quantum mechanical systems. Initially, the entropy of the union of the two boundaries is relatively small because the two boundaries are mostly entangled with each other. As we evolve forwards on both sides, the black holes emit Hawking radiation and absorb radiation from the bath. There is no gravitational backreaction because the energy that is emitted precisely balances the energy that falls in. However, this process leads to a growing entanglement between each boundary system and the bath, which causes the entropy of the pair of boundaries to grow linearly with time. But the entropy of the pair of the boundaries should not be larger than twice their Bekenstein-Hawking entropy. This apparent paradox is resolved by the appearance of islands. At late times, we get an island that spans the black hole interior and also invades a little outside each of the two horizons. Once the island is present, the entropy of the boundaries is constant in time and is given essentially by twice the Bekenstein-Hawking answer. The final resolution of this version of the information paradox is conceptually as in [1, 2] , but it is technically simpler because the geometry is that of the usual eternal black hole, and we do not have to find the time-dependent geometry of an evaporating black hole. This paper is organized as follows. In section 2, we discuss the basic setup of a two-dimensional gravity theory coupled to a bath. We consider the zero temperature case and compute the entanglement wedge of a region including the boundary quantum mechanical system. We find a quantum extremal surface outside the horizon. We also discuss how this is consistent with causality, thanks to the quantum focusing conjecture. In section 3, we consider the same system but at finite temperature. Again we get a quantum extremal surface outside the horizon. In section 4, we discuss a version of the information paradox for the Hartle-Hawking state of a black hole coupled to a bath. In section 5, we discuss applications of our ideas to some four-dimensional black holes, and also to the transplanckian problem in Hawking radiation and cosmology. We conclude in section 6 with some discussion.
Extremal black hole coupled to a bath
In this section, we consider an extremal black hole coupled to a bath. By a bath we mean a quantum mechanical system with no gravity, or one where we can neglect the effects of gravity. This setup could be an approximation to a black hole in asymptotically-flat space, where we neglect the effects of quantum gravity in the flat space region far away.
More specifically, we consider two-dimensional Jackiw-Teitelboim gravity, with matter given by a two-dimensional CFT with central charge c. Consider a zero-temperature black hole in this theory. We now couple this gravity theory to a bath that consists of the same CFT 2 , but living in half of Figure 1 : On the left, we depict the Penrose diagram for a two-dimensional extremal black hole, coupled to a bath at zero temperature. The red part covers a region of AdS 2 . The blue triangle is the Penrose diagram of half of Minkowski space. On the right, we have the dual quantum mechanical setup, with the black hole replaced by a quantum system that is coupled to a CFT 2 on a half-line (only the spatial dimension is represented).
Minkowski space. We couple them by imposing "transparent" boundary conditions at the locus where the boundary of AdS 2 joins the half-line where the bath lives, see figure 1 . The full action is
Here, we have set 4G N = 1, and φ 0 is a constant that gives rise to the extremal entropy. We impose the usual JT boundary conditions on the metric g uu = 1 ε 2 and dilaton φ − φ 0 = φr ε . The gravity system is only on half the space, but the CFT is over the whole line. Thus the CFT is partly in the dynamical gravity region, and partly in the half space with a fixed flat metric.
The full system can be described by the Penrose diagram shown in figure 1. We denote by y ± = t ± σ the coordinates in the bath region, with σ > 0. The black hole can be described using the Poincaré coordinates x ± = x 0 ± x 1 , with x 1 < 0. The metric and the dilaton profiles in the gravity region are
The bulk state is taken to be in the Poincaré vacuum T (x)
−− = 0. Since the black hole and the bath are taken to be in equilibrium, an extremal black hole requires a bath with zero temperature. Therefore we must have a vanishing bath stress tensor T µν vanish, we require that x + (y + ) and x − (y − ) be SL(2, R) transformations. The requirement of having a pure state of the bath plus bulk fixes this transformation, up to an overall scale, to be simply x + = y + and x − = y − . The stress tensor of matter is zero everywhere.
The gravitational part of the system can have a dual quantum mechanical description. We view this dual quantum system as living at σ = 0, and coupled to the CFT that lives in the half-space σ > 0, see figure 1. We will not need the explicit form of this quantum mechanical system. When we talk about the full microscopic von Neumann entropies of the quantum state, we imagine that they are defined in this combined quantum system, the one living at σ = 0 and the bath CFT living on σ > 0.
We start by considering the spatial interval [0, b] that contains what we could call the "black hole" degrees of freedom, as well as a piece of the bath. We denote by boldface the intervals in the full quantum mechanical picture. This interval is depicted in the right part of figure 2. In particular, the point 0 is where one can picture the quantum system that gives rise to the AdS 2 region (when it is decoupled from the bath).
In order to find the entanglement wedge, we guess that it is the causal domain of some interval [−a, b] in the y coordinates, see figure 2 . Intervals without boldface are intervals in the effective field theory, which includes the gravitational system. Such intervals should not be confused with the ones in boldface. The generalized entropy functional is
The bulk entanglement entropy in (5) is basically that of an interval of length a + b in a CFT 2 . The factor of a in the denominator comes from the warp factor in the AdS 2 region of the metric (3). We have absorbed the bulk UV (proper distance) cutoff into φ 0 , and the bath UV cutoff into the constant.
Extremizing S gen (a) with respect to a, we obtain the location of the quantum extremal surfacẽ
where we defined dimensionless quantitiesã andb. Since the horizon is at σ = −∞, and the value of a in (6) is finite, the quantum extremal surface is outside the horizon, see figure 2 . The formula (6) contains a length scale φ r /c. This length scale sets the evaporation time of a black hole, if we started the black hole at a high temperature [9] . This scale is shorter by a factor of 1/c than the time scale φ r at which JT gravity (described by the Schwarzian mode) becomes strongly coupled. Since we have approximated the gravitational part of the entropy by its classical contribution, we need that a φ r . So the present discussion is justified when c 1, so that φ r /c φ r . Then there is a non-trivial range of values of b where the quantum corrections to the Schwarzian can be neglected. However, for b > φ r , we need to include quantum corrections described by the strongly-coupled Schwarzian, and the analysis of this paper is not valid. 1 Depending on the size of b compared to φ r /c we can approximate (6) as
If we assume that the state on [0, +∞] is pure, this implies that the entanglement wedge of the complement region [b, +∞] will contain the region [−∞, −a]. This is an island that is outside the black hole horizon, see figure 2 . This calculation is essentially the same as the case we just considered: Since the global state of the quantum fields is pure, the bulk entropy of the region [−∞, −a] ∪ [b, +∞] is identical to that of its complement. The dilaton piece of S gen is shared by the two at the point a.
Had we not used the purity of [0, +∞], we would naively consider the candidate quantum extremal surface for the bath region [b, +∞] to be just the surface which contains no island contribution. The generalized entropy in this case would simply be the field theory entropy of the interval [b, +∞] in the vacuum, which has an IR divergence. Therefore this surface, while technically a quantum extremal surface, is never minimal.
Note that the entropy (5) contains a term involving φ 0 , both for the region [0, b], as expected, but also for the bath region [b, +∞], which might not have been expected.
Notice that a region of the geometry at some position a corresponds to an energy scale of order 1/a or length scale of order a. So the fact that regions very close to the horizon (large a) corresponds to very long distances in the bath does not look too unreasonable. Let us discuss this more.
Consider the entanglement wedge for an interval [b, b ], with b < b . We further take b φr c b . When there is no island the entanglement entropy is
When there is an island, say going between −a and −a, it is harder to compute the bulk entropy. However, when b is large we can use an OPE argument, if the points b and −a are close. Naively b and −a are very far away, but they are both approaching the point at spatial infinity in Minkowski space. 2 Since the theory under consideration is conformal, we can do the OPE expansion (in the n-replica geometry). The leading term produces the entropy of two separate intervals [−a , b ] and [−a, b]. For each of them we can use (6) to obtain
where we used the approximate expressions (7) for a and a . If we want the island phase to dominate we need S island < S no−island , which implies that
Therefore we see that if φ 0 /c is large, then b has to be exponentially large in order for the entanglement wedge of [b, b ] to contain an island. 3 If we take the b → ∞ and b → 0 limit of (9) we do not get the same entropy as in (5) . This also happens in simpler situations. For example, we can compare the large size limit of a finite size interval in a CFT vs taking the whole line from the beginning (which would give zero entropy). The reason is related to the IR modes that continue contributing when we have a finite interval. In this particular case, these IR modes involve also φ 0 and sense the presence of the boundary.
To summarize, this discussion suggests that the degrees of freedom in the island are encoded in very long distance correlations in the exterior. We reached this conclusion by noting that the interval [b, b ] has to be very large for its entanglement wedge to contain the island.
A consistency condition
The fact that the island is outside the horizon looks surprising, because we can send a signal from the island to the boundary of AdS 2 . This is not immediately a paradox since we are dealing with The situation becomes more interesting if we decouple the black hole from the bath. More precisely, let us imagine that we decouple the localized degrees of freedom living at 0 from the ones in the CFT. If we do this over a time shorter than b, then no information from [b, ∞] can reach the degrees of freedom at living at 0.
One might naively think that we get a Penrose diagram as in figure 3 (a), where the signal reaches the boundary. However, this ignores the energy that is created by the decoupling process. This energy can raise the temperature of the black hole so that we end up with a diagram as in figure  3 (b), where the signal does not get to the physical boundary of the nearly-AdS 2 region. When we insert some energy, the map between the x-coordinates and the time of the quantum system is such that x gets to a maximum value x m . This map can be obtained in a variety of ways [9, 10, 11, 12] . To avoid a contradiction, we need that x m < a, as in figure 3(b). Furthermore, if we evolve the decoupled system backwards in time, we should not receive any signal either, see figure 3(c).
One expects that an amount of energy of order c/b will be produced if we decouple the two systems over a time less than b. This amount of energy appears to be parametrically sufficient to avoid a contradiction. The related fact that some energy is inevitably produced when we couple the system to a bath was discussed in [13] and is used to avoid a potential contradiction also there. This is also implied by the general argument in [14] , applied after decoupling, that the quantum extremal surface should be behind the horizon. 4 See also [15, 16] for the corresponding argument for 
S K A X 9 I 4 + 5 q 0 r K J 8 5 g j 9 A n z 9 l 0 4 3 Z < / l a t e x i t > The decoupling process produces some energy that moves the horizon outwards. This means that the trajectory of the boundary particle (shown in solid black) reaches a maximum Poincaré time x m . As long as x m < a, we will have no contradiction since the signal will not be able to reach the physical boundary. This is guaranteed by the quantum focusing conjecture. (c) After we decouple, we can evolve the system backwards in time. Then we should also find that x m > −a to avoid seeing the signal s 2 .
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classical extremal surfaces. Below we go over a detailed argument for this special case, highlighting the assumptions.
We now show that the causality paradox is avoided if we assume the two-dimensional version of the quantum focusing conjecture [4] 
In the usual QFC, S is the entropy of the bulk fields to the right of the light ray. In our particular case, we will take S to be the entropy of the interval that goes from a point along the light ray to the point b in the bulk. In particular, at the start of the light ray, we have an interval from [−a, b].
Since the decoupling process does not change the entropy of this interval, even after the decoupling the entropy of this interval continues to be the same, even though it is now broken into two pieces by the boundary. In particular the quantum extremal surface continues to be a quantum extremal surface, so that ∇ + (φ + S) = 0 at the point −a. As we move along the light ray, the bulk region changes and the entropy (and the dilaton) will change. However, the inequality (11), together with the extremality condition at the starting point, imply that the generalized entropy should decrease along the light ray that starts at the quantum extremal surface and moves towards the boundary. This follows by integrating (11) twice with respect to an affine parameter along the light ray. On the other hand, if this light ray were to reach the physical AdS 2 boundary, we would expect that the generalized entropy becomes very large: The dilaton grows as we approach the boundary, but the entanglement entropy saturates. This can be avoided if this light ray reaches the "singularity," or the region that lies beyond the end of the physical AdS 2 boundary, as in figure 3(b).
Note that we only need to apply the QFC (11) to the state obtained after the decoupling procedure, on a space with a boundary. This state can be evolved forwards or backwards in time with the decoupled Hamiltonian to obtain the state along the light ray. 5 So we would like to know if (11) is true. After using the equations of motion of JT gravity, (11) becomes − 2π T ++ + ∇ 2 + S ≤ 0 (conjecture, see [17] ) .
One can wonder whether this holds for any CFT 2 on a general background. For a CFT 2 , a general background simply amounts to a general Weyl factor for the metric. So one might have expected that (12) would follow from the conformal transformation properties of the flat space QNEC that was conjectured in [18] and proven in [19, 20, 21] − 2π T flat
The "flat" superscript indicates that we are in flat space. Unfortunately, this seems insufficient to prove the inequality (12) . Instead, it seems that one should start from the stronger inequality [22] − 2π T flat
This inequality passes some simple tests and was actually proven to hold for holographic 2d theories in [23] . 6 One motivation to consider this inequality is that it has nice conformal transformation properties [22] . More explicitly, note the following relations between the stress tensor and the entropy for the metric ds 2 = e 2ρ ds 2 flat and h any scalar function:
These equations imply that, on a general background, (14) becomes
This inequality is stronger than (12) . In fact, (14) is saturated for a single interval in flat space. Hence, due to conformal invariance of (14) and (16), these inequalities are also saturated for all situations obtainable via a conformal transformation from a single interval in flat space. Note also that we assuming that (16) continues to hold in the presence of a boundary. Note that the QFC along the outwards past-directed light ray ensures that the picture is also consistent if we evolve backwards in time, as in figure 3(c).
Note that the QFC (16) is also obeyed in the original coupled system, as in figure 2. 7 For example, we can check this on the right-moving light ray starting at the quantum extremal surface, that is, the point −a. We take the region to be the spatial interval between −a and b, and imagine moving the left end-point of this interval along the light ray at the top left edge of the green region of figure 2. In fact ∇ 2 + φ = 0 and also ∇ 2 + S + 6 c (∇ + S) 2 = 0. One might then be confused because, in this case, the light ray can indeed get to the AdS 2 boundary, where the dilaton blows up. However, an important point is that since the right end-point has been fixed to b, we cannot move the left-end point beyond x + = b. In particular, this argument implies that a > b since otherwise the AdS 2 boundary would intersect the light ray between x + = −a and x + = b, and we would get a tension between the QFC and the dilaton growing to infinity at the AdS 2 boundary. We can see that a > b is obeyed in the expression (6) . Notice that, even though the islands are outside the horizon of the coupled system, the islands always end up behind the horizon of the decoupled system, no matter how we decouple it. The details of the decoupling process will determine the precise geometry and the actual position of the horizon. However, as discussed in [14] , and reviewed in this subsection, in any unitary way of doing it, the QES always lies behind the actual horizon of the decoupled system.
Nonzero temperature black hole coupled to a bath
In this section, we consider black holes at nonzero temperature coupled to a bath. More precisely, the setup can be thought of as having two copies of a black hole interacting with a bath, in the thermofield double state. This means that each black hole-plus-bath system is in a thermal state. The state of the quantum fields on this background is the Hartle-Hawking state. The geometry corresponds to an AdS eternal black hole (or AdS wormhole) that is connected to two half-spaces, one on each side, see figure 4 .
The stress tensor in the bath half-space regions is the usual thermal one with constant energy density. The stress tensor in the eternal black hole or wormhole region is that of the usual AdS 2 vacuum. This implies, via (4) , that the relation between the Poincaré coordinates (x + , x − ) and the right-exterior coordinates (y + , y − ) is
The right black hole has the following metric and dilaton profile:
The horizons are at y − = +∞ and y + = −∞. In the bath region, we define the coordinates (y + , y − ) as before. The whole y-plane describes one black hole exterior together with the bath. A second y-plane describes the other side. 8 The computation of the bulk entanglement entropy is similar to that of a thermal state on the plane, except that we have to include the appropriate warp factor term from the metric (18) . In fact, the bulk entropy computation is simplest in the (x + , x − ) coordinates since the stress tensor vanishes and we have just the vacuum formulas. We then have to transform to (y + , y − ) coordinates and keep track of the warp factors and transformation of the UV cutoffs.
We consider an interval on the right side of the form [0, b] R that includes part of the right bath and the quantum mechanical degrees of freedom at 0 R . We look for an entanglement wedge that consists of the interval [−a, b], see figure 4 . Its generalized entropy is
In the limit of large β, this reproduces (5) . Extremizing over a, we find 
The important point is that, again, the value of a corresponds to a point outside the horizon, see figure 4 . This means that the region very near the horizon is not encoded in the degrees of freedom of the right boundary QM system. We find that a → ∞ as b → ∞, so that the quantum extremal surface approaches the black hole horizon. This is the statement that the entire right AdS 2 exterior is contained in the entire right system, [0, ∞] R , including the boundary QM system at 0 R .
Note that (20) depends nontrivially on the ratio of the two length scales φ r /c and β. When φ r /cβ 1, we get (6), whose extrapolation for large b is also valid for b > β. In the opposite regime, when φ r /cβ is large, the near-extremal black hole entropy is large compared to c and the effect of Hawking radiation is a small perturbation. In this limit, we get
Notice that the island is causally connected to the right boundary. This means that if we deposit a message into the right boundary that is carried into the bulk by a particle falling into the black hole, this message will reach the island and thus will be lost to the right boundary QM system, see 8 We have x ± = −1/ tanh(πy ± L /β), where y ± L are the coordinates of the left plane. The ones in (17) Figure 5 : A message inserted into the right boundary quantum mechanical system will exit its entanglement wedge after a scrambling time.
figure 5. From (21) we can see that in order to lose access to the message at t = 0, it needs to be thrown into the black hole roughly a scrambling time t scr in the past, where
and we took b β φ r /c. After time t scr , the message should be reconstructable from the complementary system. This is a manifestation of the Hayden-Preskill protocol [24] .
Let us make some comments about the factor of c in the denominator inside the log in (21) and (22) . Assuming b β φ r /c, the formula (21) says that a simple signal sent at a time more than t scr in the past (from the time where we compute the island) will not belong to the right boundary QM degrees of freedom; see figure 5 . This definition of the scrambling time, with a c in the denominator inside the logarithm, might seem unconventional. But in fact, this definition agrees with [25] , after identifying the variables E, δE in [25] with E ∼ φ r /β 2 and δE ∼ c/β. We can think of t scr as the time that has to elapse in order for the square of the commutator between the message and c qubits of radiation to become of order one. If we had only one qubit of radiation, that time would be the conventional scrambling time (just the logarithm of the entropy). Since we have c qubits, the commutator is c times larger, and we need a shorter time, as in (21) and (22) .
Finally, we comment that, once again, in the nonzero temperature situation, we could run into an inconsistency unless some energy is emitted when we decouple the system. Again, the inconsistency is avoided by the use of the QFC (11).
Who claims the island?
Since the region on the right side between the horizon and the point −a, that is the interval [−∞, −a] R in the y-coordinates, is not owned by the degrees of freedom localized at [0, b] R , we would like to understand who owns this region.
It Figure 6 : In (a), we display a spatial slice of the eternal black hole coupled to two baths and the entanglement wedges for each of the three intervals [−∞, 0] L , [0, b] R , [b, ∞] R . The island does not belong any single of them, but it does belong to any pair. In (b), we display the geometry when the matter CFT has a three-dimensional holographic dual, as in [3] (only a spatial section of the threedimensional geometry is shown).
outer interval on the right side. We are defining the coordinates on the left side so that negative values of σ correspond to the bath, while positive values to the AdS 2 region. So, in the bulk, the "island" region [−∞, −a] R is connected to the entire left side. Thus, more than an island, it is a peninsula that extends out from the left boundary. In other words, the bulk entanglement wedge We now consider the region [b, +∞] R . This region is expected to have an infinite entropy due to the entanglement with the left side. In order to regularize it, we can consider an interval [b, b ] R and we can ask whether it is convenient to add an island. Without the island, this is just the entropy of an interval that goes as
Now we can consider adding islands. A natural island is the region [−∞, −a] R . After we add it, we will need to compute the entropy of two intervals. Fortunately, we can bound the entropy as follows
In the second line we used the entropy inequality S(A ∪ B) ≥ |S(B) − S(A)|, and that S([b, b ]) is large and positive (23) . The quantity S bulk ([−∞, −a] R ) is negative by explicit evaluation, and its value is written in the third line. Since S island ≥ S no−island , adding the island is never convenient. Intuitively this makes sense, because the quantum fields on the island would be entangled with the left side rather than with the fields in [b, b ] R , so that adding the island would not create an advantage. We conclude that the entanglement wedge of the [b, b ] R interval is just the corresponding interval in the effective theory, [b, b ]. We can now set b = ∞.
The upshot is that this island does not belong either to the left side [−∞, 0] L , or to the [b, +∞] R interval. However, it does belong to the union of these two regions. See figure 6 (b) for a picture of the entanglement wedges for the case that the CFT 2 has a three-dimensioanl holographic dual. In summary, the island [−∞, −a] R belongs to any two of the three regions [−∞, 0] L , [0, b] R , [b, ∞] R , but not to any single one of them. This is similar to the situation discussed in [26] .
Rescuing the information stranded in the island
From the previous discussion we expect that it should be possible to extract the information in the island if we have access to the union of [−∞, 0] L ∪ [b, ∞] R . In general, extracting information from an island could be very difficult. However, for this particular system there is a relatively simple way to do it.
For simplicity let us consider the case when b β φ r /c. Then, from (17) and (21) we see that the point −a is such that its x + -coordinate differs from that of the past horizon by ∆x + (a) = tanh π(−a) β
where we used (21) to approximate a, with b β. We can now follow the quantum teleportation ideas in [27] (see also [28] ). By inserting a pair of operators, one near σ = b in the right bath and the other somewhere on the left side, we can create a negative energy shock of magnitude P − = −i∂ x − ∝ c/β that goes into the left black hole. Alternatively we can measure the operators on the right bath, send the information to the left side and apply a unitary that depends on the result. Then the dynamics of two-dimensional gravity produces a shift in the horizon
The first formula is the general shift we have at the horizon of a black hole due to a pulse. The quantity ∂ 2 r φ is the Laplacian of the dilaton at the horizon and we used its expression in JT gravity, see [28] for more details. Thus, we see that we can produce enough negative energy (26) to produce a shift of the right order of magnitude (25) that can pull the island into causal contact with the left system; see figure 7 . We can also evolve the left system backwards in time on the left side, as was discussed for the zero temperature case in figure 3(c). Figure 7 : Recovering the information stranded in the island through a quantum teleportation protocol. This involves measuring fields to the right of b on the right side, and using that information to generate a negative energy pulse on the left side [27] . The natural evolution of the left side then extracts the information from the island (at least the information that is contained in purely left-or right-moving fields in the bulk).
We should emphasize that this protocol involves both baths, plus the left boundary quantum system. While the initial deformation is localized in the baths, evolving with the coupled Hamiltonian of the left boundary-plus-bath is crucial for propagating the negative energy into the bulk to pull out the island.
Note that we should not be able to overdo this and pull out more than the island. Therefore we have a sharp bound on how effective the teleportation process can be. Fortunately, by an argument similar to that of section 2.1, the QFC ensures this. Namely, we can apply it along the light ray that starts at the quantum extremal surface and goes to the left, and use the entropy of the spatial interval between a point on the light ray and b; see figure 7 . Again we use that the point −a is a quantum extremal surface so that the gradient of the generalized entropy vanishes there. As before, this implies that the light ray cannot hit the physical boundary of AdS 2 and come out on the left. One might be hesitant to apply the quantum focusing conjecture in a situation that we have a non-local operator. Note, however, that this operator is a unitary transformation that acts on the complement of the region [−a, b]. This implies that, at −a, we continue to have a quantum extremal surface. Furthermore, this unitary produces a new state and then we are simply applying the QFC for this new state.
Note that this recovery protocol explains why the island extends outside the horizon, since it shows that the information in that region can be recovered without the knowledge of the right boundary QM system. In addition, the fact that the extent of the island is correct to be extractable, as discussed in (26) , shows that the factor of c inside the logarithm in (21) is correct.
In summary, we have argued that we can extract some part of the island and that we cannot pull out more than the island. However, we did not show that we can pull out precisely the whole island. We leave this to the future.
An information paradox for the eternal black hole
In this section, we want to point out that there is already a Hawking-like information paradox for the eternal black hole in equilibrium with a bath, as we considered above. 9 This is the thermofield double of the black hole and the bath together. There are two copies of the black hole and two copies of the bath. See figure 4 . A similar paradox was discussed in [8] .
Let us consider the bath subregions [−∞, −b] L and [b, ∞] R both on the t = 0 slice. In this situation, the entanglement entropy can be computed as the entropy of two intervals in the thermofield double state and it is equal to
This is computed as follows. First we notice that we can view both y-planes of figure (8) as Rindler wedges of a single Minkowski space with coordinates (w + , w − ). These are related by
The state in the w ± plane is just the vacuum. So the entropy is
The denominators arise from the change in the cutoff between the y-plane and the w-plane. This formula is appropriate when the endpoints are in the bath region (in the black hole region we should take into account the warp factor). Substituting t = 0, σ L = −b and σ R = b into (28) and (29), we get (27) . The entropy (27) is just that of the interval [−b L , b R ] of the quantum fields through the wormhole. This is a finite interval in the w plane, see figure 8 . The addition of islands is not expected to decrease the entropy, for reasons similar to the ones given around (24) . So, we have no island and the entanglement wedge is simply the union of [−∞, −b] L ∪ [b, ∞] R . Equation (27) also gives the entropy of the two boundary quantum systems together when we consider the union of the intervals
So far we have taken the intervals to lie on the t = 0 slice on both sides. The situation becomes more interesting if we take the intervals to lie on a non-zero timeslice t. Moving the right side forwards in time and the left one backwards in time is an isometry. Using this isometry we can make the left and right time equal if we had chosen to move them by an unequal amount. So we will move the the left and right times forwards in time on both sides, see figure 8 . So now the values of the coordinates of the left and right points are Inserting these into (28) and (29), we find that the entropy becomes
In (31), we have also indicated the behavior for late times. The dots are just constants that are independent of time. 10 After a few thermal times we get linear growth with a rate governed by the temperature of the black hole and the matter central charge. This growth captures the exchange of Hawking radiation between the bath and the black hole. In other words, the bath is sending excitations into the black hole and the black hole seems to give them back in a way that is uncorrelated to what is falling in. We are feeding the black hole and we are getting out thermal radiation, so the entropy growth in (31) is a version of the information paradox; see also [8] .
It would be a paradox only if it went on for a long enough time. Initially the two boundaries are entangled with each other, and their entropy is also given by (27) which is relatively small. Their evolution coupled to the bath is disentangling them from each other and entangling them to the bath. However, the maximal entropy we should be able to generate is
which is the coarse grained entropy of the two black holes. This linear growth in the entropy is reminiscent of Hawking's original information paradox as it leads to the 'overfilling' of the black hole, whereby the fine-grained entropy exceeds the coarsegrained entropy of the wormhole. In the present context, this is in tension with the finite number of states of the boundary QM systems. In order to solve the paradox, we should find an effect that modifies the linear growth in (31) .
For that purpose, we can try to include an island of the form [−a, ∞] L ∪ [−∞, −a] R . Now, in order to compute the entropy of the bulk quantum fields with this island included we have to consider a problem with two intervals, see figure 8(b) . In general this is difficult since such an entropy is a function of the cross-ratio of the four endpoints of the two intervals. The actual value of the cross-ratio will come from extremizing the generalized entropy. However, our guess is that the value of a is the same as in (20) . Let us check that this guess is correct.
The configuration of points at late times is as shown in figure 8(b) . An important observation is that, for this configuration of points, the cross-ratio of the four points is going to zero (or one or infinity, depending on how we define it). Each interval has time-independent fixed proper size in the w-plane since they are related by a boost, while the distance between them is increasing. Therefore we can do an OPE in the channel where the points −a and b are close. (This OPE is done for the n-replica geometry.) The leading contribution in this OPE is from the identity operator. This leading contribution gives an entropy for the pair of intervals which is twice that of a single interval, given by the second term in (19) . And the full generalized entropy for the pair is given by twice the left hand side of (19) , whose extremization reproduces (20) . Therefore we have checked, a posteriori, that our assumption regarding the value of a was correct. The value of the entropy for this configuration is then given by S = 2 φ 0 + 2πφ r β + small ≈ 2S BH , for φ r cβ 1 .
Here S BH is Bekenstein-Hawking entropy computed using a single horizon.
described by Jackiw-Teitelboim theory coupled to matter with c = q. This is large if q is large. The rest of the fields can be ignored for the purposes of computing the bulk entropies because there are not so many of them. We encounter this situation for a magnetically-charged black hole in the Standard Model of particle physics whose size is small enough that we can approximate the fermions as massless. In this case the U (1) is the weak hypercharge. Demanding that r e 1/TeV, we get q 10 15 . The effective two-dimensional central charge in this case becomes c = 54q .
Thus the discussion of this paper precisely applies to this case, including numerical factors in all formulas, after using (34) and (35) . 11 
Comment on the transplanckian problem in Hawking radiation and cosmology
The phenomenon of Hawking radiation and the creation of particles by the expansion of the universe are very closely related. In suitable coordinates, we can think of Hawking radiation as due to the expansion of space in the near horizon region. So if we take a given Hawking mode emitted at late time and we extrapolate it backwards in time by more than the scrambling time, β 2π log S BH , we find that it would have transplanckian energies. Normally, we say that this is not a problem because we are simply talking about the vacuum. Nevertheless, it has often been speculated that the derivation of Hawking radiation would fail once we reach the scrambling time. This is a shorter time scale compared to the time scales at which we need corrections in the Page curve due to unitarity. Here, following [1, 2] , we have argued that the formation of islands avoids the problem related to the Page curve. We interpret this result as suggesting that one can get results consistent with unitarity without having to make the bulk theory break down at the scrambling time. In other words, both the bulk and boundary points of view are correct, but we need to relate them in a new way.
In cosmology, one can worry about a similar transplanckian problem. Could a primordial fluctuations be extrapolated backwards in time so as to become transkpanckian? The analog of the scrambling time in an approximately de Sitter space is H −1 log(M 2 p /H 2 ). It has been recently conjectured in [40] (see also e.g. [41, 42, 43] ) that quantum gravity implies that we cannot have an approximately de Sitter universe for more than this time. We view the absence of known paradoxes for the black holes at this time as a reason not to worry about cosmology at these time scales.
Discussion
In this paper we discussed various aspects of quantum extremal surfaces and entanglement wedges of black holes coupled to a bath. We considered simple non-evaporating situations where the black hole is in equilibrium with the bath. The geometries are simple and easy to describe explicitly.
The first interesting surprise is that the quantum extremal surface for a region that includes the boundary QM degrees of freedom and a little bit of the bath is outside the horizon. This is true for zero as well as nonzero temperature. If one assumes entanglement wedge reconstruction, then one should conclude that the region between the horizon and the quantum extremal surface should be recoverable from the bath degrees of freedom. While it is not clear how to do this for general islands, we have shown how to recover the information from the nonzero temperature island by using the Gao-Jafferis-Wall teleportation protocol [27] . It might seem strange that the coupling to the bath effectively lets us "reach" into the near-horizon region (we are also using the system the black hole is entangled with).
The fact that the quantum extremal surface is outside the horizon makes us worry that we could run into causality paradoxes if we decouple the black hole from the bath. Physically, we are protected by the fact that the decoupling process will inevitably produce a suitable energy flux into the black hole. This energy flux moves the horizon outwards, and the quantum extremal surface then lies behind the horizon. The quantum focusing conjecture (QFC) [4] ensures that enough energy is produced. In two dimensions, the QFC follows from a stronger version (14) of the quantum null energy condition in flat space. This stronger version was conjectured in [22] and proven for holographic theories in [23] . So, even though the islands are outside the horizon of the coupled system, the islands end up behind the horizon of the decoupled system, no matter how we decouple it. This is implied by arguments in [14] , which use the generalized second law, that the quantum extremal surface should be behind the horizon.
In the zero temperature case, we needed to consider a very large interval (10) in order to see the island in the entanglement wedge of a finite interval in the bath region. If this setup is obtained from approximating a near-extremal black hole in flat space, it is probably necessary to include also a discussion of the soft gravitons [44] .
We also discussed a simple version of the Hawking information paradox involving a two-sided black hole that starts out in the Hartle-Hawking state, and is then evolved forwards in time on both sides. The geometry is the standard eternal black hole, and there is no modification due to evaporation since the amount of energy emitted in Hawking radiation is the same as falling in from the bath. We can consider the entropy of both the baths together. It starts small, but it linearly increases with time because the black hole evaporates and matter from the bath falls in. This is the most naive entropy computed for the bath. Fortunately, the appearance of islands leads to a second quantum extremal surface whose entropy is basically twice the Bekenstein-Hawking entropy. This resolves this form of the information paradox. We get the right answer when applying the right prescription. Of course this is the same idea as was described in [1, 2] . Our only objective was to present a version of the paradox where the geometry and the quantum state are very simple.
